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Abstract
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1. Introduction
Recently, Trif [10] generalized the Popoviciu functional equation
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)
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.
In [10, Theorem 2.1], Trif proved that, for vector spaces V and W , a mapping f :V →W
with f (0)= 0 satisfies the functional equation
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n · n−2Ck−2f
(
x1 + · · · + xn
n
)
+ n−2Ck−1
n∑
i=1
f (xi)
= k ·
∑
1i1<···<ikn
f
(
xi1 + · · · + xik
k
)
(1.i)
for all x1, . . . , xn ∈ V if and only if the mapping f :V →W satisfies the additive Cauchy
equation f (x + y)= f (x)+ f (y) for all x, y ∈ V .
We are going to give a modification of the Trif’s functional equation.
Lemma A. Let V and W be vector spaces, and d and r positive integers.
(1) A mapping f :V →W with f (0)= 0 satisfies the functional equation
d
r
· n−2Ck−2f
(
rx1 + · · · + rxn
d
)
+ n−2Ck−1
n∑
i=1
f (xi)
= k ·
∑
1i1<···<ikn
f
(
xi1 + · · · + xik
k
)
(A)
for all x1, . . . , xn ∈ V if and only if the mapping f :V → W satisfies the additive
Cauchy equation f (x + y)= f (x)+ f (y) for all x, y ∈ V .
(2) A mapping f :V →W with f (0)= 0 satisfies the functional equation
n · n−2Ck−2f
(
x1 + · · · + xn
n
)
+ n−2Ck−1
n∑
i=1
f (xi)
= d
r
·
∑
1i1<···<ikn
f
(
rxi1 + · · · + rxik
d
)
(B)
for all x1, . . . , xn ∈ V if and only if the mapping f :V → W satisfies the additive
Cauchy equation f (x + y)= f (x)+ f (y) for all x, y ∈ V .
Proof. (1) Assume that a mapping f :V →W satisfies (A). Put x1 = · · · = xn = x in (A).
Then (d/r) · n−2Ck−2f (nrx/d) + n · n−2Ck−1f (x) = k · nCkf (x) for all x ∈ V . Since
n · n−2Ck−2 + n · n−2Ck−1 = k · nCk , f (nrx/d)= (nr/d)f (x) for all x ∈ V . Hence
d
r
· n−2Ck−2f
(
r(x1 + · · · + xn)
d
)
= d
r
· n−2Ck−2f
(
nr(x1 + · · · + xn)
nd
)
= d
r
nr
d
· n−2Ck−2f
(
x1 + · · · + xn
n
)
= n · n−2Ck−2f
(
x1 + · · · + xn
n
)
for all x1, . . . , xn ∈ V . So we get Eq. (1.i). By the Trif’s theorem, the mapping f :V →W
satisfies the additive Cauchy equation f (x + y)= f (x)+ f (y) for all x, y ∈ V .
The converse is obvious.
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(2) Assume that a mapping f :V →W satisfies (B). Put x1 = · · · = xn = x in (B). Then
k · nCkf (x) = (d/r) · nCkf (krx/d) for all x ∈ V . So f (krx/d) = (kr/d)f (x) for all
x ∈ V . Hence
d
r
·
∑
1i1<···<ikn
f
(
r(xi1 + · · · + xik )
d
)
= d
r
·
∑
1i1<···<ikn
f
(
kr(xi1 + · · · + xik )
kd
)
= d
r
kr
d
·
∑
1i1<···<ikn
f
(
xi1 + · · · + xik
k
)
= k ·
∑
1i1<···<ikn
f
(
xi1 + · · · + xik
k
)
for all x1, . . . , xn ∈ V . So we get Eq. (1.i). By the Trif’s theorem, the mapping f :V →W
satisfies the additive Cauchy equation f (x + y)= f (x)+ f (y) for all x, y ∈ V .
The converse is obvious. ✷
Throughout this paper, let A be a unital C∗-algebra with norm | · |, U(A) the unitary
group of A, Ain the set of invertible elements in A, Asa the set of self-adjoint elements in
A, A1 = {a ∈ A | |a| = 1}, and A+1 the set of positive elements in A1. Let AB and AC be
left Banach A-modules with norms || · || and ‖ · ‖, respectively (see [9]). Let d and r be
positive integers.
The following is useful to prove the stability of the functional equations (A) and (B).
Lemma B [7, Theorem 1]. Let a ∈A and |a|< 1−2/m for some integerm greater than 2.
Then there are m elements u1, . . . , um ∈ U(A) such that ma = u1 + · · · + um.
The main purpose of this paper is to prove the Hyers–Ulam–Rassias stability of the
functional equations (A) and (B) in Banach modules over a unital C∗-algebra, and to prove
the Hyers–Ulam–Rassias stability of algebra homomorphisms between Banach algebras
associated with the functional equations (A) and (B).
2. Stability of modified Trif’s functional equations in Banach modules over a
C∗-algebra associated with its unitary group
We are going to prove the Hyers–Ulam–Rassias stability of the functional equations (A)
and (B) in Banach modules over a unital C∗-algebra associated with its unitary group.
For a given mapping f :AB→ AC and a given a ∈A, we set
Daf (x1, . . . , xn) := d
r
· n−2Ck−2af
(
rx1 + · · · + rxn
d
)
+ n−2Ck−1
n∑
i=1
af (xi)
− k ·
∑
1i1<···<ikn
f
(
axi1 + · · · + axik
k
)
for all x1, . . . , xn ∈ AB.
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Theorem 2.1. Let f :AB → AC be a mapping with f (0) = 0 for which there exists a
function ϕ :ABn→[0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
(
d
nr
)j
ϕ
((
nr
d
)j
x1, . . . ,
(
nr
d
)j
xn
)
<∞, (2.i)
∥∥Duf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn) (2.ii)
for all u ∈ U(A) and all x1, . . . , xn ∈ AB. Then there exists a unique A-linear mapping
T :AB→ AC such that∥∥f (x)− T (x)∥∥ 1
n · n−2Ck−2 ϕ˜(x, . . . , x) (2.iii)
for all x ∈ AB.
Proof. Put u= 1 ∈ U(A). Let x1 = · · · = xn = x in (2.ii). Then we get∥∥∥∥dr · n−2Ck−2f
(
nr
d
x
)
− n · n−2Ck−2f (x)
∥∥∥∥ ϕ(x, . . . , x)
for all x ∈ AB. So one can obtain∥∥∥∥f (x)− dnr f
(
nr
d
x
)∥∥∥∥ 1n · n−2Ck−2 ϕ(x, . . . , x)
for all x ∈ AB. We prove by induction on j that∥∥∥∥
(
d
nr
)j
f
((
nr
d
)j
x
)
−
(
d
nr
)j+1
f
((
nr
d
)j+1
x
)∥∥∥∥
 1
n · n−2Ck−2
(
d
nr
)j
ϕ
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
for all x ∈ AB. So we get∥∥∥∥f (x)−
(
d
nr
)j
f
((
nr
d
)j
x
)∥∥∥∥
 1
n · n−2Ck−2
j−1∑
m=0
(
d
nr
)m
ϕ
((
nr
d
)m
x, . . . ,
(
nr
d
)m
x
)
(2.1)
for all x ∈ AB.
Let x be an element in AB. For positive integers l and m with l > m,∥∥∥∥
(
d
nr
)l
f
((
nr
d
)l
x
)
−
(
d
nr
)m
f
((
nr
d
)m
x
)∥∥∥∥
 1
n · n−2Ck−2
l−1∑
j=m
(
d
nr
)j
ϕ
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
,
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which tends to zero as m→∞ by (2.i). So {(d/nr)jf ((nr/d)jx)} is a Cauchy sequence
for all x ∈ AB. Since AC is complete, the sequence {(d/nr)jf ((nr/d)jx)} converges for
all x ∈ AB. We can define a mapping T :AB→ AC by
T (x)= lim
j→∞
(
d
nr
)j
f
((
nr
d
)j
x
)
(2.2)
for all x ∈ AB.
By (2.1) and (2.2), we get
∥∥D1T (x1, . . . , xn)∥∥= lim
j→∞
(
d
nr
)j∥∥∥∥D1f
((
nr
d
)j
x1, . . . ,
(
nr
d
)j
xn
)∥∥∥∥
 lim
j→∞
(
d
nr
)j
ϕ
((
nr
d
)j
x1, . . . ,
(
nr
d
)j
xn
)
= 0
for all x1, . . . , xn ∈ AB. Hence D1T (x1, . . . , xn) = 0 for all x1, . . . , xn ∈ AB. By Lem-
ma A(1), T is additive. Moreover, by passing to the limit in (2.1) as j →∞, we get the
inequality (2.iii).
Now let L :AB→ AC be another additive mapping satisfying∥∥f (x)−L(x)∥∥ 1
n · n−2Ck−2 ϕ˜(x, . . . , x)
for all x ∈ AB.∥∥T (x)−L(x)∥∥=( d
nr
)j∥∥∥∥T
((
nr
d
)j
x
)
−L
((
nr
d
)j
x
)∥∥∥∥

(
d
nr
)j∥∥∥∥T
((
nr
d
)j
x
)
− f
((
nr
d
)j
x
)∥∥∥∥
+
(
d
nr
)j∥∥∥∥f
((
nr
d
)j
x
)
−L
((
nr
d
)j
x
)∥∥∥∥
 2
n · n−2Ck−2
(
d
nr
)j
ϕ˜
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
,
which tends to zero as j →∞ by (2.i). Thus T (x)= L(x) for all x ∈ AB. This proves the
uniqueness of T .
By the assumption, for each u ∈ U(A),(
d
nr
)j∥∥∥∥Duf
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)∥∥∥∥
(
d
nr
)j
ϕ
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
for all x ∈ AB, and(
d
nr
)j∥∥∥∥Duf
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)∥∥∥∥→ 0
as j →∞ for all x ∈ AB. So
DuT (x, . . . , x)= lim
j→∞
(
d
nr
)j
Duf
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
= 0
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for all u ∈ U(A) and all x ∈ AB. Hence
DuT (x, . . . , x)= d
r
· n−1Ck−2uT
(
nr
d
x
)
+ n · n−2Ck−1uT (x)− k · nCkT (ux)= 0
for all u ∈ U(A) and all x ∈ AB. So
uT (x)= T (ux)
for all u ∈ U(A) and all x ∈ AB.
Now let a ∈A (a = 0) and M an integer greater than 4|a|. Then∣∣∣∣ aM
∣∣∣∣= 1M |a|< |a|4|a| = 14 < 1− 23 = 13 .
By Lemma B, there exist three elements u1, u2, u3 ∈ U(A) such that 3a/M = u1+u2+u3.
And T (x) = T (3 · x/3) = 3T (x/3) for all x ∈ AB. So T (x/3)= T (x)/3 for all x ∈ AB.
Thus
T (ax)= T
(
M
3
· 3 a
M
x
)
=M · T
(
1
3
· 3 a
M
x
)
= M
3
T
(
3
a
M
x
)
= M
3
T (u1x + u2x + u3x)= M3
(
T (u1x)+ T (u2x)+ T (u3x)
)
= M
3
(u1 + u2 + u3)T (x)= M3 · 3
a
M
T (x)= aT (x)
for all x ∈ AB. Obviously, T (0x)= 0T (x) for all x ∈ AB. Hence
T (ax + by)= T (ax)+ T (by)= aT (x)+ bT (y)
for all a, b ∈ A and all x, y ∈ AB. So the unique additive mapping T :AB→ AC is an
A-linear mapping, as desired. ✷
Applying the unital C∗-algebra C to Theorem 2.1, one can obtain the following.
Corollary 2.2. Let E1 and E2 be complex Banach spaces with norms || · || and ‖ · ‖,
respectively. Let f :E1 →E2 be a mapping with f (0)= 0 for which there exists a function
ϕ :En1 →[0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
(
d
nr
)j
ϕ
((
nr
d
)j
x1, . . . ,
(
nr
d
)j
xn
)
<∞,
∥∥Dλf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all λ ∈ T1 := {λ ∈ C | |λ| = 1} and all x1, . . . , xn ∈ E1. Then there exists a unique
C-linear mapping T :E1 →E2 such that∥∥f (x)− T (x)∥∥ 1
n · n−2Ck−2 ϕ˜(x, . . . , x)
for all x ∈E1.
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Theorem 2.3. Let f :AB→ AC be a continuous mapping with f (0)= 0 for which there
exists a function ϕ :ABn→[0,∞) satisfying (2.i) such that∥∥Duf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all u ∈ U(A) and all x1, . . . , xn ∈ AB. If the sequence {(d/nr)jf ((nr/d)jx)} converges
uniformly on AB, then there exists a unique continuous A-linear mapping T :AB→ AC
satisfying (2.iii).
Proof. Put u = 1 ∈ U(A). By Theorem 2.1, there exists a unique A-linear mapping T :
AB → AC satisfying (2.iii). By the continuity of f , the uniform convergence and the
definition of T , the A-linear mapping T :AB→ AC is continuous, as desired. ✷
Theorem 2.4. Let f :AB → AC be a mapping with f (0) = 0 for which there exists a
function ϕ :ABn→[0,∞) such that
ϕ˜(x1, . . . , xn) :=
∞∑
j=0
(
d
kr
)j
ϕ
((
kr
d
)j
x1, . . . ,
(
kr
d
)j
xn
)
<∞, (2.iv)
∥∥Duf (x1, . . . , xn)∥∥ :=
∥∥∥∥∥n · n−2Ck−2uf
(
x1 + · · · + xn
n
)
+ n−2Ck−1
n∑
i=1
uf (xi)
− d
r
·
∑
1i1<···<ikn
f
(
ruxi1 + · · · + ruxik
d
)∥∥∥∥∥
 ϕ(x1, . . . , xn) (2.v)
for all u ∈ U(A) and all x1, . . . , xn ∈ AB. Then there exists a unique A-linear mapping
T :AB→ AC such that∥∥f (x)− T (x)∥∥ 1
k · nCk ϕ˜(x, . . . , x) (2.vi)
for all x ∈ AB.
Proof. Put u= 1 ∈ U(A). Let x1 = · · · = xn = x in (2.v). Then we get∥∥∥∥n · n−2Ck−2f (x)+ n · n−2Ck−1f (x)− dr · nCkf
(
kr
d
x
)∥∥∥∥
=
∥∥∥∥k · nCkf (x)− dr · nCkf
(
kr
d
x
)∥∥∥∥ ϕ(x, . . . , x)
for all x ∈ AB. So one can obtain∥∥∥∥f (x)− dkr f
(
kr
d
x
)∥∥∥∥ 1k · nCk ϕ(x, . . . , x)
for all x ∈ AB. We prove by induction on j that
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∥∥∥∥
(
d
kr
)j
f
((
kr
d
)j
x
)
−
(
d
kr
)j+1
f
((
kr
d
)j+1
x
)∥∥∥∥
 1
k · nCk
(
d
kr
)j
ϕ
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)
for all x ∈ AB. So we get∥∥∥∥f (x)−
(
d
kr
)j
f
((
kr
d
)j
x
)∥∥∥∥
 1
k · nCk
j−1∑
m=0
(
d
kr
)m
ϕ
((
kr
d
)m
x, . . . ,
(
kr
d
)m
x
)
(2.3)
for all x ∈ AB.
Let x be an element in AB. For positive integers l and m with l > m,∥∥∥∥
(
d
kr
)l
f
((
kr
d
)l
x
)
−
(
d
kr
)m
f
((
kr
d
)m
x
)∥∥∥∥
 1
knCk
l−1∑
j=m
(
d
kr
)j
ϕ
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)
,
which tends to zero as m→∞ by (2.iv). So {(d/kr)j f ((kr/d)jx)} is a Cauchy sequence
for all x ∈ AB. Since AC is complete, the sequence {(d/kr)jf ((kr/d)jx)} converges for
all x ∈ AB. We can define a mapping T :AB→ AC by
T (x)= lim
j→∞
(
d
kr
)j
f
((
kr
d
)j
x
)
(2.4)
for all x ∈ AB.
By (2.3) and (2.4), we get
∥∥D1T (x1, . . . , xn)∥∥= lim
j→∞
(
d
kr
)j∥∥∥∥D1f
((
kr
d
)j
x1, . . . ,
(
kr
d
)j
xn
)∥∥∥∥
 lim
j→∞
(
d
kr
)j
ϕ
((
kr
d
)j
x1, . . . ,
(
kr
d
)j
xn
)
= 0
for all x1, . . . , xn ∈ AB. Hence D1T (x1, . . . , xn) = 0 for all x1, . . . , xn ∈ AB. By Lem-
ma A(2), T is additive. Moreover, by passing to the limit in (2.3) as j →∞, we get the
inequality (2.vi).
Now let L :AB→ AC be another additive mapping satisfying∥∥f (x)−L(x)∥∥ 1
k · nCk ϕ˜(x, . . . , x)
for all x ∈ AB.
∥∥T (x)−L(x)∥∥=( d
kr
)j∥∥∥∥T
((
kr
d
)j
x
)
−L
((
kr
d
)j
x
)∥∥∥∥
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
(
d
kr
)j∥∥∥∥T
((
kr
d
)j
x
)
− f
((
kr
d
)j
x
)∥∥∥∥
+
(
d
kr
)j∥∥∥∥f
((
kr
d
)j
x
)
−L
((
kr
d
)j
x
)∥∥∥∥
 2
k · nCk
(
d
kr
)j
ϕ˜
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)
,
which tends to zero as j →∞ by (2.iv). Thus T (x)= L(x) for all x ∈ AB. This proves the
uniqueness of T .
By the assumption, for each u ∈ U(A),(
d
kr
)j∥∥∥∥Duf
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)∥∥∥∥
(
d
kr
)j
ϕ
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)
for all x ∈ AB, and(
d
kr
)j∥∥∥∥Duf
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)∥∥∥∥→ 0
as j →∞ for all x ∈ AB. So
DuT (x, . . . , x)= lim
j→∞
(
d
kr
)j
Duf
((
kr
d
)j
x, . . . ,
(
kr
d
)j
x
)
= 0
for all u ∈ U(A) and all x ∈ AB. Hence
DuT (x, . . . , x)= n · n−2Ck−2uT (x)+ n · n−2Ck−1uT (x)− nCk d
r
T
(
kr
d
ux
)
= 0
for all u ∈ U(A) and all x ∈ AB. So
uT (x)= T (ux)
for all u ∈ U(A) and all x ∈ AB.
The rest of the proof is the same as the proof of Theorem 2.1. ✷
3. Stability of modified Trif’s functional equations in Banach modules over a
C∗-algebra
Given a locally compact Abelian group G and a multiplier ω on G, one can associate to
them the twisted group C∗-algebra C∗(G,ω). C∗(Zm,ω) is said to be a noncommutative
torus of rank m and denoted by Aω. The multiplier ω determines a subgroup Sω of G,
called its symmetry group, and the multiplier is called totally skew if the symmetry group
Sω is trivial. And Aω is called completely irrational if ω is totally skew (see [2]). It was
shown in [2] that if G is a locally compact Abelian group and ω is a totally skew multiplier
on G, then C∗(G,ω) is a simple C∗-algebra. It was shown in [3, Theorem 1.5] that if Aω
is a simple noncommutative torus then Aω has real rank 0, where “real rank 0” means that
the set of invertible self-adjoint elements is dense in the set of self-adjoint elements (see
[3,6]).
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From now on, assume that ϕ :ABn→[0,∞) is a function satisfying (2.i).
We are going to prove the Hyers–Ulam–Rassias stability of the functional equation (A)
in Banach modules over a unital C∗-algebra.
Theorem 3.1. Assume that nr/d is not an integer. Let f :AB→ AC be a mapping with
f (0)= 0 such that∥∥D1f (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all x1, . . . , xn ∈ AB. Then there exists a unique additive mapping T :AB→ AC sat-
isfying (2.iii). Further, if f (λx) is continuous in λ ∈ R for each fixed x ∈ AB, then the
additive mapping T :AB→ AC is R-linear.
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique additive
mapping T :AB→ AC satisfying (2.iii).
Assume that f (λx) is continuous in λ ∈ R for each fixed x ∈ AB. By the assumption,
nr/d is a rational number which is not an integer. The additive mapping T given above is
similar to the additive mapping T given in the proof of [8, Theorem]. By the same reason-
ing as the proof of [8, Theorem], the additive mapping T :AB→ AC is R-linear. ✷
Theorem 3.2. Assume that nr/d is not an integer. Let f :AB → AC be a continuous
mapping with f (0)= 0 such that∥∥Daf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all a ∈ A+1 ∪ {i} and all x1, . . . , xn ∈ AB. If the sequence {(d/nr)jf ((nr/d)jx)}
converges uniformly on AB, then there exists a unique continuous A-linear mapping T :
AB→ AC satisfying (2.iii).
Proof. Put a = 1 ∈A+1 . By Theorem 3.1, there exists a uniqueR-linear mapping T :AB→
AC satisfying (2.iii). By the continuity of f and the uniform convergence, the R-linear
mapping T :AB→ AC is continuous.
By the same reasoning as the proof of Theorem 2.1,
T (ax)= aT (x)
for all a ∈A+1 ∪ {i}.
For any element a ∈A,
a = a + a
∗
2
+ i a − a
∗
2i
,
and (a + a∗)/2 and (a − a∗)/(2i) are self-adjoint elements; furthermore,
a =
(
a + a∗
2
)+
−
(
a + a∗
2
)−
+ i
(
a − a∗
2i
)+
− i
(
a − a∗
2i
)−
,
where ((a + a∗)/2)+, ((a + a∗)/2)−, ((a − a∗)/2i)+, and ((a − a∗)/2i)− are positive
elements (see [4, Lemma 38.8]). So
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T (ax)= T
((
a + a∗
2
)+
x −
(
a + a∗
2
)−
x + i
(
a − a∗
2i
)+
x − i
(
a − a∗
2i
)−
x
)
=
(
a + a∗
2
)+
T (x)+
(
a + a∗
2
)−
T (−x)+
(
a − a∗
2i
)+
T (ix)
+
(
a − a∗
2i
)−
T (−ix)
=
(
a + a∗
2
)+
T (x)−
(
a + a∗
2
)−
T (x)+ i
(
a − a∗
2i
)+
T (x)
− i
(
a − a∗
2i
)−
T (x)
=
((
a + a∗
2
)+
−
(
a + a∗
2
)−
+ i
(
a − a∗
2i
)+
− i
(
a − a∗
2i
)−)
T (x)
= aT (x)
for all a ∈A and all x ∈ AB. Hence
T (ax + by)= T (ax)+ T (by)= aT (x)+ bT (y)
for all a, b ∈A and all x, y ∈ AB, as desired. ✷
Theorem 3.3. Let A be a unital C∗-algebra of real rank 0, and nr/d not an integer. Let
f :AB→ AC be a continuous mapping with f (0)= 0 such that∥∥Daf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all a ∈ (A+1 ∩Ain) ∪ {i} and all x1, . . . , xn ∈ AB. If {(d/nr)jf ((nr/d)jx)} converges
uniformly on AB, then there exists a unique continuous A-linear mapping T :AB→ AC
satisfying (2.iii).
Proof. By the same reasoning as the proof of Theorem 3.2, there exists a unique con-
tinuous R-linear mapping T :AB→ AC satisfying (2.iii), and
T (ax)= aT (x) (3.1)
for all a ∈ (A+1 ∩Ain)∪ {i} and all x ∈ AB.
Let b ∈ A+1 \ Ain. Since Ain ∩ Asa is dense in Asa, there exists a sequence {bm} in
Ain ∩ Asa such that bm → b as m→∞. Put cm = bm/|bm|. Then cm → b/|b| = b as
m→∞. Put am =
√
c∗mcm. Then am→ b as m→∞ and am ∈A+1 ∩Ain. Thus there exists
a sequence {am} in A+1 ∩Ain such that am→ b as m→∞, and by the continuity of T
lim
m→∞T (amx)= T
(
lim
m→∞ amx
)
= T (bx) (3.2)
for all x ∈ AB. By (3.1),∥∥T (amx)− bT (x)∥∥= ∥∥amT (x)− bT (x)∥∥→ ∥∥bT (x)− bT (x)∥∥= 0 (3.3)
as m→∞. By (3.2) and (3.3),
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∥∥T (bx)− bT (x)∥∥  ∥∥T (bx)− T (amx)∥∥+ ∥∥T (amx)− bT (x)∥∥
→ 0 as m→∞ (3.4)
for all x ∈ AB. By (3.1) and (3.4), T (ax)= aT (x) for all a ∈A+1 ∪ {i} and all x ∈ AB.
The rest of the proof is similar to the proof of Theorem 3.2. ✷
Theorem 3.4. Assume that nr/d is not an integer. Let f :AB→ AC be a mapping with
f (0)= 0 such that∥∥Daf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all a ∈A+1 ∪{i} and all x1, . . . , xn ∈ AB. If f (λx) is continuous in λ ∈R for each fixed
x ∈ AB, then there exists a unique A-linear mapping T :AB→ AC satisfying (2.iii).
Proof. Put a = 1 ∈A+1 . By Theorem 3.1, there exists a uniqueR-linear mapping T :AB→
AC satisfying (2.iii).
The rest of the proof is similar to the proof of Theorem 3.2. ✷
Theorem 3.5. Let A be a unital C∗-algebra of real rank 0, and nr/d not an integer. Let
f :AB→ AC be a mapping with f (0)= 0 such that∥∥Daf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all a ∈ (A+1 ∩Ain) ∪ {i} and all x1, . . . , xn ∈ AB. Assume that f (ax) is continuous in
a ∈A1 ∪R for each fixed x ∈ AB, and that the sequence {(d/nr)jf ((nr/d)jx)} converges
uniformly on A1 for each fixed x ∈ AB. Then there exists a unique A-linear mapping
T :AB→ AC satisfying (2.iii).
Proof. By the same reasoning as the proof of Theorem 3.2, there exists a unique R-linear
mapping T :AB→ AC satisfying (2.iii), and
T (ax)= aT (x)
for all a ∈ (A+1 ∩ Ain) ∪ {i} and all x ∈ AB. By the continuity of f and the uniform con-
vergence, one can show that T (ax) is continuous in a ∈A1 for each x ∈ AB.
The rest of the proof is similar to the proof of Theorem 3.3. ✷
Theorem 3.6. Let f :AB→ AC be a mapping with f (0)= 0 such that∥∥Daf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn)
for all a ∈ A+1 ∪ {i} ∪ R and all x1, . . . , xn ∈ AB. Then there exists a unique A-linear
mapping T :AB→ AC satisfying (2.iii).
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique additive
mapping T :AB→ AC satisfying (2.iii) and
T (ax)= aT (x)
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for all a ∈ A+1 ∪ {i} ∪ R and all x ∈ AB. So the mapping T :AB→ AC is R-linear and
satisfies
T (ax)= aT (x)
for all a ∈A+1 ∪ {i} and all x ∈ AB.
The rest of the proof is the same as the proof of Theorem 3.2. ✷
Similarly, for the case that ϕ :ABn → [0,∞) is a function satisfying (2.iv), one can
obtain similar results to the theorems given above.
4. Stability of modified Trif’s functional equations in Banach algebras and
approximate algebra homomorphisms
In this section, let A and B be Banach algebras with norms || · || and ‖ · ‖, respectively.
Bourgin [5] proved the stability of ring homomorphisms between Banach algebras. In
[1], Badora generalized the Bourgin’s result.
We prove the Hyers–Ulam–Rassias stability of algebra homomorphisms between
Banach algebras associated with the functional equation (A).
Theorem 4.1. Let A and B be real Banach algebras, and nr/d not an integer. Let f :
A→ B be a mapping with f (0)= 0 for which there exists a function ψ :A×A→[0,∞)
such that
ψ˜(x, y) :=
∞∑
j=0
(
d
nr
)j
ψ
((
nr
d
)j
x, y
)
<∞, (4.i)
∥∥D1f (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn), (4.ii)∥∥f (x · y)− f (x)f (y)∥∥ψ(x, y) (4.iii)
for all x, y, x1, . . . , xn ∈ A. If f (λx) is continuous in λ ∈ R for each fixed x ∈ A, then
there exists a unique algebra homomorphism T :A→ B satisfying (2.iii). Further, if A
and B are unital, then f itself is an algebra homomorphism.
Proof. Under the assumption (2.i) and (4.ii), in Theorem 3.1, we showed that there exists
a unique R-linear mapping T :A→ B satisfying (2.iii). The R-linear mapping T :A→ B
was given by
T (x)= lim
j→∞
(
d
nr
)j
f
((
nr
d
)j
x
)
for all x ∈A. Let
R(x, y)= f (x · y)− f (x)f (y)
for all x, y ∈A. By (4.i), we get
lim
j→∞
(
d
nr
)j
R
((
nr
d
)j
x, y
)
= 0
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for all x, y ∈A. So
T (x · y)= lim
j→∞
(
d
nr
)j
f
((
nr
d
)j
(x · y)
)
= lim
j→∞
(
d
nr
)j
f
(((
nr
d
)j
x
)
y
)
= lim
j→∞
(
d
nr
)j(
f
((
nr
d
)j
x
)
f (y)+R
((
nr
d
)j
x, y
))
= T (x)f (y) (4.1)
for all x, y ∈A. Thus
T (x)f
((
nr
d
)j
y
)
= T
(
x
((
nr
d
)j
y
))
= T
(((
nr
d
)j
x
)
y
)
= T
((
nr
d
)j
x
)
f (y)=
(
nr
d
)j
T (x)f (y)
for all x, y ∈A. Hence
T (x)
(
d
nr
)j
f
((
nr
d
)j
y
)
= T (x)f (y) (4.2)
for all x, y ∈A. Taking the limit in (4.2) as j →∞, we obtain
T (x)T (y)= T (x)f (y)
for all x, y ∈A. Therefore,
T (x · y)= T (x)T (y)
for all x, y ∈A. So T :A→ B is an algebra homomorphism.
Now assume that A and B are unital. By (4.1),
T (y)= T (1 · y)= T (1)f (y)= f (y)
for all y ∈A. So f :A→ B is an algebra homomorphism, as desired. ✷
Theorem 4.2. LetA and B be complex Banach algebras. Let f :A→ B be a mapping with
f (0)= 0 for which there exists a function ψ :A×A→ [0,∞) satisfying (4.i) and (4.iii)
such that∥∥Dλf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn) (4.iv)
for all λ ∈ T1 and all x1, . . . , xn ∈A. Then there exists a unique algebra homomorphism
T :A→ B satisfying (2.iii). Further, if A and B are unital, then f itself is an algebra ho-
momorphism.
Proof. Under the assumption (2.i) and (4.iv), in Corollary 2.2, we showed that there exists
a unique C-linear mapping T :A→ B satisfying (2.iii).
The rest of the proof is the same as the proof of Theorem 4.1. ✷
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Theorem 4.3. Let A and B be complex Banach ∗-algebras. Let f :A→ B be a mapping
with f (0)= 0 for which there exists a function ψ :A× A→ [0,∞) satisfying (4.i) and
(4.iii) such that∥∥Dλf (x1, . . . , xn)∥∥ ϕ(x1, . . . , xn), (4.iv)∥∥f (x∗)− f (x)∗∥∥ ϕ(x, . . . , x) (4.v)
for all λ ∈ T1 and all x, x1, . . . , xn ∈A. Then there exists a unique ∗-algebra homomor-
phism T :A→ B satisfying (2.iii). Further, if A and B are unital, then f itself is a ∗-
algebra homomorphism.
Proof. By the same reasoning as the proof of Theorem 4.2, there exists a unique C-linear
mapping T :A→ B satisfying (2.iii).
Now(
d
nr
)j∥∥∥∥f
((
nr
d
)j
x∗
)
− f
((
nr
d
)j
x
)∗∥∥∥∥
(
d
nr
)j
ϕ
((
nr
d
)j
x, . . . ,
(
nr
d
)j
x
)
for all x ∈A. Thus(
d
nr
)j∥∥∥∥f
((
nr
d
)j
x∗
)
− f
((
nr
d
)j
x
)∗∥∥∥∥→ 0
as j →∞ for all x ∈A. Hence
T (x∗)= lim
j→∞
(
d
nr
)j
f
((
nr
d
)j
x∗
)
= lim
j→∞
(
d
nr
)j
f
((
nr
d
)j
x
)∗
= T (x)∗
for all x ∈A.
The rest of the proof is the same as the proof of Theorem 4.1. ✷
Similarly, for the case that ϕ :An →[0,∞) and ψ :A×A→[0,∞) are functions such
that
∞∑
j=0
(
d
kr
)j
ϕ
((
kr
d
)j
x1, . . . ,
(
kr
d
)j
xn
)
<∞,
∞∑
j=0
(
d
kr
)j
ψ
((
kr
d
)j
x, y
)
<∞
for all x, y, x1, . . . , xn ∈A, one can obtain similar results to the theorems given above.
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